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A thing is a thing,
not what is said of that thing.

—Birdman
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recap

⋅ Buzzwordswhich should sound familiar and comfortable to you by now:

⋅ object language vmetalanguage
⋅ sense v reference
⋅ saturation, unsaturatedmeaning, the notion of function

⋅ The discussionwas fruitful, so let’s keep thatmomentumgoing.
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metalanguage



metalanguage

set theory



set theory

⋅ Set theory is a theory of sets. (Duh.)

Set

A set is a collection of objects which are called themembers or elements of
that set.

⋅ We will use upper-case letters (A) or curly brackets ({ }) to refer to and designate
sets, and

⋅ and lower-case letters (x) to refer to and designate elements (members of a set).
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makıng set-sense of the world

⋅ Everything in theworld can be partitioned using set-theoretic glasses by
grouping together objects.

⋅ The largest such collection of the objects is the universal set, orUwhich
contains everything, including other (smaller) sets.

⋅ This alone allows us to not only chop-up theworld and organise it into sets,
but also say something about the relation between different sets.
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some set relatıons & set-theoretıc concepts

membershıp if object x belongs to setA, wewill write x ∈ A, which reads ”x is an
elements of A”. (Conversely, if x is not in A, then x ∉ A)

emptıness If a set has no elements, it is an empty set. Wewill refer to this set
using the symbol∅.

equalıty If two sets comprise of the same elements, e.g.,
A = {x, y, z},B = {x, y, z}, then A = B

subsethood If all themembers of one set (A) are alsomembers of another (B),
then the former is a subset of the latter, i.e. A ⊆ B (”A is a subset of B”).
(Conversely, B ⊇ B, ”B is a superset of A”.)
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some set relatıons & set-theoretıc concepts (cont.)

ıntersectıon An intersection of two sets, A ∩ B, will only contain elements
who aremembers or both A and B.

unıon A union of two sets, A ∪ B, will contain elementswho aremembers of A
or B or A ∪ B.

dıfference A difference of two sets, A − B or A\B (”Awithout B”), contains
members in A and nomembers in B (subtraction-like).

complementatıon A complement of a single set, AC (or, A−, or Ā), contains
everything not in A.

unıverse Universe,U, is a superset of all sets, i.e., a collection of everything.
(E.g., the complement of set A (Ā) isU\A.)

powerset A powerset of A, or℘(A), is a set of all (possible) subsets in A. E.g.,
℘({a, b}) = {∅, {a}, {b}, {a, b}}
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vısualısıng set relatıons usıng the venn dıagram unıverse

A B

C
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vısualısıng set relatıons usıng the venn dıagram unıon

A B

C
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vısualısıng set relatıons usıng the venn dıagram ıntersectıon

A B

C
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vısualısıng set relatıons usıng the venn dıagram only A

A B

C

(Can you describe the shaded area this down in set-theoretic notation?)
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students & vegetables ex

a b

c

h, i

A B

C

g
d

e f
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students & vegetables ex

a b

c

h, i

A B

C

g
d

e f

student who eats artichokes
student who eats broccoli

students who

eats carrots

students eat artichokes,

broccoli and carrots

students who don’t eat

artichokes, broccoli or carrots
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specıfyıng sets: defınıtıon by lıstıng

⋅ Howdowe specify what elements belong to a set?

⋅ Oneway is to list those elements.

(1) a. A = {a, b, c}
b. B = {1, 2, 3, . . .}
c. C = {⭑,◆,●}
d. …

⋅ Not very useful, at least for our purposes.
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specıfyıng sets: defınıtıon by abstractıon

⋅ Anotherway is to specify a conditionwhich is to be satisfied by all and only
the elements of the set we are defining.

(2) a. Let A be set of all cats.
b. Let A be that set which contains exactly those x such that x is a cat.
c. A = {x ∶ x is a cat}

q Howwouldwe read (??)?

a ”the set of all x such that x is a cat”
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specıfyıng sets: defınıtıon by abstractıon

⋅ The element x in (??), repeated below as (??), does not stand for a particular
object (=constant), rather it is a varıable (=a ’place-holder’).

⋅ To determine themembership of the set A, one has to plug in the the names
of actual objects (’cats’) for the ”x” in the condition ”x is a cat”

⋅ If wewant to knowwhether Fido ∈ A, wemust consider the statement
’Fido is a cat’

⋅ If this statement is true, then Fido ∈ A.
⋅ If this statement is false, then Fido ∉ A

(3) A = {x ∶ x is a cat}
a. A = {x ∶ x is a cat} x is a variable
b. A ≠ {x} x is a constant
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metalanguage

Functıons



functıons

⋅ Recall that Frege took unsaturatedmeanings to be functions.

⋅ Wenow know about sets. Well, functions are sets, too. (Particular kinds of
sets.)

⋅ Functions are like factorymachines: they takesmaterial (input) and deliver
a product (output).

⋅ If we have two objects, x and y, we can construct from theman ordered pair
whichwe notate as ⟨x, y⟩.

(4) However!

a. {x, y} = {y, x} order doesn’t matter

b. ⟨x, y⟩ ≠ ⟨y, x⟩ ordermatters!
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functıons as relatıons

⋅ A relation is a set of ordered pairs.

⋅ Functions are a special kind of relations: in a function, the second
member of each pair, e.g., ⟨x, y ⟩, is unıquely determıned by the first, i.e.,⟨ x , y⟩

Relation

A relation f is a function iff it satisfies the following condition:
For any x ∶ if there are y and z such that ⟨x, y⟩ ∈ f and ⟨x, z⟩ ∈ f, then y = z.
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functıons: theır domaın and range

⋅ Every function has a domaın and a range (both of which are sets).

Domain and Range

Let f be a function.
Then the domain of f is {x ∶ there is a y such that ⟨x, y⟩ ⟨x, y⟩ ∈ f}, and the
range of f is {x ∶ there is a y such that ⟨y, x⟩ ⟨y, x⟩ ∈ f}
⋅ Anotherway to notate a function as amapping from its domain (A) to its
range (B):

⋅ f ∶ A↦ B
⋅ There are also other notations:

⋅ f(x) (“f applied to x”, or ”f of x”)
⋅ f ∶ x↦ y (“fmaps x to y”)
⋅ ⟨x, y⟩ ∈ f (ex: can you read thıs ınformally?)18/100



specıfyıng functıons: defınıtıon by lıstıng

⋅ Just likewe didwith sets, we can define functions inmanyways.
⋅ Oneway is to list the f’s elements (=ordered pairs).
⋅ Here are two equivalent list notations:

(5) a. f ∶= { ⟨a, b⟩ , ⟨c, b⟩ , ⟨d, e⟩ }
b. f ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
a↦ b
c↦ b
d↦ e

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
c. Let f be a functionwith domain { , , , }{a, c, d}, such that

i. f(a) = b = f(c)
ii. f(c) = b = f(a)
iii. f(d) = e
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specıfyıng functıons: defınıtıon by abstractıon

⋅ Functionswith large or infinite domains are better defined in abstract form,
by specifying the condition that is to bemet by each ⟨argument-value⟩ pair.

⋅ You’re probablymore familiar with this notation from your high-school
math classes.

(6) f ∶ N ↦ N, and for every x ∈ N, f(x) = x + 1
(whereN is the set of all natural numbers)

⋅ (Canwe try and define somemore linguistically-relevant functions?)

⋅ Oncewe equip ourselveswith somemore technical tools, wewill soon
introduce an evenmore concise notation for such functions.
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some exercıses



sample questıon ın-class

⋅ LetD = {b, a, c, k}, E = {t, a, s, k}, F = {b, a, t, h}. Using these sets, find the
following:

⋅ DC ∩ E
⋅ FC ∩ D
⋅ (D ∩ E) ∪ F
⋅ D ∩ (E ∪ F)
⋅ (F ∩ E)C ∩ D
⋅ (D ∪ E)C ∩ F
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homework & fırst problem set



⋅ It is very importantwe all understand these formal preliminaries.

⋅ To this end, a problem set on set theory and functionswill be uploaded by
Friday.

⋅ Exercises (somewith solutions) also provided.

⋅ As there is no lecture onMay 7th, I suggest youmeet in groups to attempt
the problem sets and exercises. Study groups highly encouraged.
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